
Math 4650

Topic 2a-Application toWcalculating square

roots



silicationto finding square roots

-

rem: Let a < O be a real number.

Define the sequence
:

Ta
,
= any positive real number icomes from

an+= (an+n) for n
method

Then :

① Canine ,
converges

② his an = NaJ
③ lan-ala when

-

Proof :

-

need some facts first.

① We

Fact (i) an >0 for n31 :

-
a, 70 and as 0

We are given

Assume ap> 0 -[Then, am = tantank↑

9/an> 0

By induction , an >o for all n.



#acti: an a for

Let n,
1 .

So ,
an-2anan+

+ a = 0.

Thus
,

x-2anX + a = 0 has a real root (x = an).

·
we nee

montan

So
,

the discriminant must be non-negative .

That is
,

4an-4a 0 .

So,
anti a->

I Thus
,

anti Ja for n > 1
.

-
Fact (ii) : an,

a

- Cact(ii : And ant for2) So
,

a ? -a o

Fact (i) : An > 8

Let RY 2 ↓
Then,

An-ant
= an- a

--=

Thus, an AntiL
Now we use the above to prove Q

We have shown that

92 3, 937, 947, as ,...
. .

. . . ,a > O

By the monotone convergence
theorem,

Canl= ,

converges.

-



② Let L = lim an

n+ X

We know
an= Elant) for nl

Taking the limit of both sides gives

L = 2) + E)

So, 2 = 2 + a

Thus , " = a
. This is from HWZ.

=AndSince
Lo If lim Xn = L where

n+x

we must havea.]E
-

③ Let n
,

2
.

Then
,

anda
↑

TThus ,
Va,

/an

Thus ,

02an-a = An-=

~anal



Ex: Let's approximate E
.

Here a = 2.

Set a ,
= 130

We have :

Error

az= E(l + z) = z = 1 .
5

(a = =(+ y)=
~ 1

,
416666 ...

-Fau = E(E + +) = 5

= 1 ,414215686... - 0
,
000004247799...

~ 3 ,
1897x1012

We get rapid convergence
here.

-


